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Abstract
An instrument is described which employs combined frequency and amplitude modu-
lation to obtain nearly faithful multiplication with minimum space requirements. The
'"A multiplier operates over the major portion of the audio frequency range, including direct
current, and over a dynamic range of 2500:1 in output product.
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AN FM-AM MULTIPLIER OF HIGH ACCURACY AND WIDE RANGE
Introduction
Recent developments in fields of physical research have made apparent the need for
electronic devices which will perform mathematical operations with a high degree of
accuracy. The electronic counterparts of the "linear" operators represented by addi-
tion, subtraction, integration and differentiation have already been developed, with a
minimum of equipment, to a level of performance approaching the ideal. "Nonlinear"
operations, on the other hand, such as multiplication, division, the taking of roots, and
raising to a power, remain to be carried out accurately by electronic units of reasonable
simplicity. In particular, operation of correlators in statistical studies centers about
a multiplier which all too often is far from the mathematical ideal used in analysis of
the system. Furthermore, analog computers are limited in accuracy by the multipliers
and dividers which may be called for in the mathematical study to be made. Fortunately,
as will be shown later, feedback methods enable dividers, rooters, and raisers to be
made of multipliers, so that, basically, the development of a multiplier combining high
performance with ease of construction and adjustment is of prime importance.
A resume of previous multiplier designs may serve to indicate some of the difficul-
ties encountered. Two categories are found: those in which the original theoretical
design faithfully duplicates the multiplicative process, and those in which the theory of
operation itself is only an approximation to multiplication. The latter is used princi-
pally in simple devices where readily available nonlinear characteristics allow a sem-
blance of multiplication to be achieved. An example is the use of multigrid tubes, where
the assumptions of minute signals and a linearly varying transconductance are rather
gross approximations. Some improvement can be achieved through the use of modulated
carriers and a difference-frequency filter in the output, but the device is inherently
inaccurate and cannot compete with the more rigorous designs. With additional compli-
cation, involving the use of a pilot signal with feedback to linearize the gain relation,
considerable improvement is achieved (1).
One of the earliest precision analog computers (2) incorporated a ball bearing rolling
on the surface of a disc, the distance of the ball from the center being a variable in time.
These "ball-disc" integrators were used both as integrators and multipliers. Initial
accuracy and dynamic range were great, but, being mechanical, the device was subject
to wear. Furthermore, multiplication of rapidly changing variables was prohibited by
inertia and friction.
One all-electronic multiplier (3) utilizes the two input signals to amplitude-modulate
and width-modulate, respectively, a train of boxcar pulses. Short-time integration
then gives the product. The computer is not strictly continuous in operation because
of the necessity of sampling, and in this respect, as well as in the time-amplitude modu-
lation technique, resembles the FM-AM multiplier. The equipment is more elaborate,
however, requiring numerous pulse-shaping circuits, as well as the integrator.
-1-
___1_1_ I__ ___
Another multiplier has been studied (4) which combines modulated carriers in an
exact square-law device. Use of a special tube with an internal parabolic masking
screen may make cost an important item, in addition to the added circuitry required.
However, the device should handle a very wide frequency range.
Ultimately, greatest range and accuracy is obtained in digital, rather than analog,
multiplication. One such multiplier, used in the digital electronic correlator (5), is
of considerable complexity, requiring several relay racks of equipment. Accuracy of
number generation from the signal amplitudes determines the limits of precision of the
instrument, if answers in digital form are satisfactory. If the multiplier is to be used
in an analog computer, however, recoding into voltage amplitude is necessary, intro-
ducing possible additional error.
Another multiplication scheme might employ two balanced linear modulators in cas-
cade, with phase-sensitive detection of the carrier at the output. A device somewhat
resembling this was used in a short-time correlator (6). A marked disadvantage is the
great dynamic range required of the equipment following the second modulator, together
with questions of linearity of the detector for small signals. The construction of the
second modulator is also a serious problem.
Theory of Operation
A modulator employing double modulation of a carrier, such as the previous AM-AM
example, appears attractive from its simplicity, pulse technique not being required,
and from the use of readily available linear operations, in the sense of linear modulation
and detection. Use of a combination of FM-AM modulators circumvents the problem of
having the dynamic range at some points within the multiplier equal to the product of the
dynamic ranges of the individual signals. Furthermore, the method of detection of the
FM-AM carrier offers great linearity even for minute signals. A block diagram of the
basic system appears in Fig. 1.
The frequency-modulating reactance tube is designed for capacitive reactance to
give frequency deviations of the order of a percent with high linearity. Incidental ampli-
tude modulation is of negligible consequence by the nature of the following AM modulator.
This modulator is of the full-wave balanced-bridge type, using carrier switching with
germanium crystals (7). The configuration was chosen for good stability, efficient
performance at carrier frequencies, and high linearity of modulation. Providing the
signal amplitude is considerably less than the carrier, the amplitude of the fundamental
in the output clipped carrier is very nearly linear with the modulation voltage, as the
following analysis shows.
The output of the modulator, shown in Fig. 2, is a clipped sinusoidal waveform.
Unmodulated carrier amplitude is a, while the instantaneous signal amplitude b sets
the clipping level as shown. The amplitude A of the fundamental frequency component,
fl = /T, is found by Fourier analysis
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+T a sin2 (F) dt (1)
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2a sinb + 4b cos(sin b ) a sin(2 sin 1b) (2)
A 1 [sin ( ) (a) ()2
4 a - sin ± ) 1 - (3)4 a -a
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A 1 2 [() sin a + ) - (4)
Taylor's series expansion for small b/a gives
A1 =4 b\ 1 b 1 (b. (5)
a Ir) -a a
Graphs of Eqs. 3 and 4 appear in Fig. 3. Equation 3 indicates the manner in which the
fundamental component amplitude varies with clipping level, while Eq. 4 gives the
departure from linearity of Eq. 3. Note that if the clipping level is less than one-
quarter of the carrier amplitude, linearity is maintained to within 1 percent.
Tuned amplifiers carrying the FM-AM carrier must be sufficiently broad to pass
both modulations without distortion. To a good approximation, the spectrum of an FM
wave may be considered to have sidebands extending either side of carrier frequency
over an interval equal to the sum of the frequency deviation and modulating frequency
(8). More exact treatment may be based on statistical analysis (9). The effect of
amplitude modulation is then simply to introduce sidebands about each component of the
FM wave, and thus to widen the spectrum by an amount equal to twice the AM modulating
frequency.
The discriminator is of the Foster-Seeley type, except that the in-phase reference
signal is obtained before the balanced modulator, rather than from the preceding ampli-
fier stage. A phase-shifting network in the reference signal amplifier compensates for
any phase lag in the modulator-discriminator path. Thus the detector retains the proper
sense of the signal when the modulator crosses through the zero point. Since the
-3-
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Fig. 1
Basic FM-AM multiplier.
Fig. 2
Amplitude modulation by clipping.
discriminator is sensitive not only to frequency deviations, but also to the amplitude
of the received carrier, the output voltage is proportional to the product of the instan-
taneous frequency deviation and amplitude modulation, controlled respectively by the
-;c -T4put signals, and multiplication is thereby achieved. A detailed description of
discriminator operation may be found in several texts (10), but a brief summary, as
it particularly affects this application, will be given here.
It is easily shown that at resonance the voltages across two coupled coils, each
tuned to the same frequency, are ninety degrees out of phase with respect to each other.
As the frequency changes, the phase difference becomes less or greater than ninety
degrees, in an approximately linear variation with frequency over a narrow band cen-
tered about the resonant frequency. The rate of change depends on the circuit Q's and
the coefficient of coupling. If now a circuit is devised to detect this phase shift linearly
-4-
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Fig. 3
Characteristics of the balanced modulator.
an output voltage proportional to frequency deviation will be obtained. A schematic
diagram of such a device appears in Fig. 4. The constant-amplitude reference
voltage e 2 is either in phase or 180 ° out of phase with the amplitude-modulated
carrier el, depending on the sign of f, the amplitude-modulating signal. To e2
the quadrature voltage e 3 is added and subtracted to provide the resultant signals
for diodes D 1 and D2 , respectively. The difference of the amplitudes of the
resultants e 4 and e 5 is obtained in the diode load combination, giving the output
voltage e 6 . The vector addition is shown in Fig. 5 for several pertinent cases.
In Fig. 5a the frequency is centered at resonance, giving exact quadrature of e 3
and an output voltage e6 of zero. At a slightly higher frequency the phase angle
of e 3 has shifted by a difference 0, giving the difference in resultant amplitudes
of Fig. 5b, with positive output voltage e 6 . Figure 5c illustrates the addition for
an equally large negative deviation, by reversing the sign of f, the frequency-
modulating signal, and e 6 is now negative. On the other hand, if the signal e 1
is now shifted in phase 180 ° by reversing the sign of f 2 with f as it was in
Fig. 5b, Fig. 5d shows the output to be negative. Finally, Fig. 5e gives positive
output voltage for both f and f2 reversed, as is necessary.
Of course, the variation of output voltage with amplitude or frequency remains
linear over only a limited range of either. Linear amplitude dependence requires
e 3 to be small compared to e 2 as shown in Fig. 5b, for example. We have
-5-
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Fig. 4
The Foster-Seeley phase discriminator.
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Fig. 5
Vector addition in the discriminator.
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Fig. 6
Frequency characteristic of discriminator.
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j _e6 =e e 5 =(e 2 ± e3 sin )+ (-e 3cos)2
- (e2 - e3 sin0)2 + (-e 3 cos ) (6)
For e 3 << e2 we have the Taylor's series approximation
2 e ]Z4z
6 e 3 sinL) 2 1 e) cos e + -e3- (3 - 10 sine) +. 
Taking only the first order approximation, with small
e6 e3 sin e - e (7)
Thus if e6 is desired to be linear within 1 percent, e should be at least four times e 3
over the range of e 3 to be used. Furthermore, large e 2 keeps the diodes at a practi-
cally fixed operating point, assuring that no nonlinearity shall arise from curvature of
characteristic.
Frequency limits are set by the Q's of the tuned circuits, and the relation between
output voltage and frequency deviation is of the character shown in Fig. 6. Maximum
range of linearity is obtained by adjusting the coupling k to an optimum value given by
the Q's. The conventional FM discriminator, in which the reference signal is obtained
from the primary, has been treated (11). If the Q's are equal, maximum linearity is
achieved for
kQ = - (8)
giving e3 = 1.22 e 2 .
On the other hand, results from the preceding paragraph on AM response show that,
for the present application, this reference signal e 2 must be at all times considerably
greater than e 3 , and the ratio between them may approach infinity for small values of
f2 . The output voltage for large ratios is then, from Eq. 7, given by
e 6 = le 31 sin (9)
where, in the case of coupled circuits with equal Q's (12)
c
e3 = 2 (10)
a + 2jx - x
c being a constant related to the current source presumed to be driving the discriminator
primary, and a being related to the coupling index
a = 1 + (kQ)2 (11)
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and x being the frequency variable
x= Q( o ) (12)
For deviation 6 = - o small compared to O
x 2Q 5 (13)
O
and the higher-order terms can be neglected. Thus we have
3el = c (14)
i(a - x2)2 + (2x)2
and
= tan-1 2x sin 0 2x (15)
(a - x) (a- x2) 2 + (x)2
Substituting Eqs. 14 and 15 in Eq. 9
e = 2cx (16)
a +x (4- 2a)+x
Expanding for small values of x
x (4 - 2a)+ x4 [x2(4 2a) + x ] (17)
e6 =-- + 4
3The term proportional to x3 , hence the third derivative in Eq. 17, is seen to vanish
for
a = 2; kQ = . (18)
The optimum coupling coefficient for the present application is thus seen to be less than
that for conventional use, and gives critical, transitional coupling.
One of the distinct advantages of the FM-AM multiplier over other present systems
is the possibility of improvement in accuracy by feedback. Right up to the discrimin-
ator, the two signals to be multiplied are present in the carrier in two completely
independent forms of intelligence. By using two detectors, each sensitive to one modu-
lation only, the multipliers are recovered separately, and by reintroduction into the
appropriate modulators, linearization of each modulation up to the input of the discrimin-
ator is achieved. This separability of components is not generally available in other
multipliers. Ultimately, the performance of the discriminator determines the limits
of accuracy of the system, providing the AM and FM detectors in the feedback paths
are linear. It may be adequate in most cases to use just one feedback loop, stabilizing
the FM portion, since drifting of the oscillator center frequency is more severe than
-8-
drifting in the balanced modulator.
Figure 7 is a block diagram of the multiplier, complete with feedback. By obtaining
the FM feedback signal before the balanced modulator, no AM-rejecting limiters are
necessary. In the AM feedback path a phase-sensitive detector is necessary to pre-
serve the sense of the modulation. Again, a phase-shifting amplifier feeds into the
detector a reference signal of the proper phase.
The multiplier may be converted to a divider or square-rooter by external high-
gain feedback paths, as in Fig. 8. In the case of the square-rooter, the ambiguity of
sign must be resolved or there will be oscillation. A suitably placed diode should elimi-
nate the difficulty.
Construction
A prototype multiplier has been built, following the block diagram of Fig. 1. The
feedback loop for automatic frequency control (AFC), shown in Fig. 7, has been incor-
porated as an optional feature. Schematic diagrams of the three units, each constructed
on a separate chassis, appear in Fig. 9. Total chassis space is 1.5 square feet, and
final construction of the complete system on one chassis should result in even greater
compactness.
Although development is not complete, several salient points have arisen which must
be observed if critical specifications are ultimately to be met. Hence they are pre-
sented here as a guide to further improvement.
The first point concerns the reactance-tube modulator. A 6CB6 tube was chosen
for this purpose because of the highly linear relation between transconductance and
grid voltage, together with large sensitivity of transconductance to grid voltage. Both
criteria are necessary for linear frequency modulation, the latter being especially
desirable for good AFC action, as described later. The phase-shifting network has
been designed for maximum carrier voltage to the grid, at exactly 90° phase shift, so
that there may be no incidental amplitude modulation. This has been chosen in prefer-
ence to the usual simple RC network for reduced loading on the tank and rigorous inclu-
sion of the reactance-tube input capacity. Low signal input impedance is necessary to
avoid phase-shift at higher audio frequencies. Proper operating point is obtained by
fixed bias, using unloaded dry cells.
The oscillator is a conventional permeability-tuned Hartley type, with decoupled
filament to prevent extraneous pickup. The plate, as well as that of the reactance tube,
is supplied from a voltage-regulator tube for increased stability. The amplifier is
coupled through a commercial FM transformer to the cathode follower, since 10. 7 Mc
was selected for the carrier frequency. The frequency-modulated signal leaves the FM
generator chassis at low impedance proceeding to the modulator-detector and AFC units.
Amplitude modulation is performed by four well-matched 1N34A germanium crystals,
although it may be worthwhile to employ the matched-pair lN35's in later models.
The carrier is introduced through a balanced transformer to provide a good impedance
-9-
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Fig. 7
Multiplier with two feedback loops.
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Fig. 8
(a) Divider; (b) Square-rooter.
match between cathode follower and modulator. The primary is wound between the two
halves of the secondary so that a movable powdered-iron slug may be used for precise
balancing. Leakage inductance in the primary is resonated to give maximum carrier
amplitude at the modulator. Signal input impedance is made low to accommodate the
low impedance of the modulator. An RC network compensates attenuation and phase
shift in the higher audio frequencies.
The FM-AM modulated carrier is supplied to the discriminator amplifier through
a commercial i-f transformer. The transformer has added electrostatic shielding
between the primary and secondary to prevent capacitive unbalance. Figure 10 illus-
trates the modification carried out on the Meissner 16-6665 transformer. The wire
mesh, making a wiping contact with the can sides, provides electrostatic shielding
without severely affecting magnetic coupling, most of which occurs down through the
-10-
f2
FM GENERATOR UNIT
MODULATOR -DISCRIMINATOR UNIT
M,
AUTOMATIC FREQUENCY CONTROL UNIT _[
MIT
FM-AM DISCRIMINATOR FILAMENT SUPPLY
FM-AM DISC
COPPER OXIDE FILAMENT
RECTIFIER 3,- 4
110 ye vA G.E. 9
tS 11 Sta ED=
gT
Fig. 9
Schematic diagram of FM-AM multiplier.
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center of the fiber cylinder on which the coils are wound. The upper coil is always
made the unbalanced half, so that only one lead need be shielded. This lead is carried
directly to the appropriate tube socket plate pin, so that a minimum of leakage exists.
It is pertinent to consider in detail the construction of the discriminator since, as
shown earlier, it is this unit which determines the ultimate limits of multiplier per-
formance. It was found that a commercial discriminator transformer was not satis-
factory, both from considerations of stability and electrostatic isolation between
primary and secondary windings. To avoid these and other difficulties, a discriminator
transformer was designed for the specific application. Constructional details appear
in Fig. 11. The complete discriminator circuit is shown in Fig. 12.
The transformer employs double shielding (13) to prevent capacity currents from
flowing to ground through the secondary and producing an undesirable voltage drop
across points A-C in Fig. 12 due to the reference signal. Shields are thin copper
shim stock, forming cylindrical enclosures but with ends insulated to prevent shorted-
turn effects. To achieve transitional coupling with Q's of the order of 50 requires
very loose coupling, so only one primary turn is enclosed in the transformer can, the
remaining inductance L being isolated outside. The primary is tuned by the variable
capacity Cd, while the secondary employs slug tuning to preserve balance. The slug,
being in close proximity to the secondary, must be insulated from ground. The bal-
ancing condenser Ca is made equal to the shield-to-shield capacity C s . Slight differ-
ences in diode capacities are corrected by Cb and C c .
Because of the small signal level at the output of the discriminator, caution must
be taken to avoid stray pickup. Accordingly, the filament is supplied from a filtered
d-c source, Fig. 9d, and filament and output leads are shielded.
The automatic frequency control chassis is arranged to be employed optionally. A
stable commercial discriminator is used as a reference, and provision for removing
AFC for alignment is incorporated. The steady direct current across the cathode
follower load is cancelled out by bias cells. The degree of stabilization is determined
by the loop gain, but additional d-c amplification was not considered worth the increased
complexity. The alternative, the securing of high reactance-tube sensitivity, was
chosen, as mentioned earlier. In addition, the plate supply of the cathode follower is
returned to the voltage-regulator tube supplying the oscillator, so that there may be no
loss of gain through degeneration. Capacity shunting the diode loads is adjusted to com-
pensate for phase shift in the output of the FM-AM discriminator at higher frequencies.
Study of Performance
Although further development will no doubt lead to significant improvement, the
multiplier in its present state is satisfactory for many purposes and may be said to
meet the high standards of performance promised theoretically.
Accuracy is high. With a fixed d-c signal on either input, linearity of the output
with the other input is within 1 or 2 percent. With both input signals the maximum
-12-
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Cutaway view of shielded transformer.
Fig. 11
Uncased discriminator transformer.
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Fig. 12
Discriminator schematic diagram.
-13-
FIBER TE
SUPP(
50/IN
WIRE
ePA^|^^nv.
permissible, in terms of linearity, the output signal is found to be down 50:1 when
either input is removed, so that a wide range of ratios between input signals may be
handled with reasonable fidelity. At lower signal levels the zero rejection is better.
A constant d-c voltage of about 1 mv is present due to diode contact potentials, but this
is no serious problem.
Signal-handling capability is limited by the maximum linear modulations obtainable
and the noise and pickup level at the discriminator output. The range in output product
is 2500:1, the output for maximum input signals of 1.4 volts in the FM channel and 5. 6
volts in the AM channel being 0. 07 volt.
Frequency response is excellent from direct current up to 5 kc/sec in either channel.
At 10 kc there is approximately 7 phase shift in the AM channel, with the same per-
formance in the FM channel if the AFC phase-correcting unit is used. In the latter
case the input signal must be kept under 0. 5 volt for frequencies greater than 5 kc, if
overload in the AFC unit is to be avoided.
Stability is satisfactory. After a preliminary warm-up period, adjustment need not
be made more often than several hours apart. Shock resistance is good, but could be
improved. Although high frequency stability is assured by the AFC unit, slight phase
shifts in the reference signal and FM-AM signal channels cause serious departures
of the discriminator center-frequency point: see Fig. 1. The most serious source of
phase shift is the poor mounting of the tuning slugs in the commercial transformers used.
The following table summarizes the range of operation. A rough estimate would
indicate that improvement by a factor of two could be achieved in all limits by further
development.
Maximum AM channel input 5. 6 volts
Maximum FM channel input 1.4 volts
Maximum output 0. 07 volt
Minimum output 28 ,uv
Maximum AM/FM input ratio 200:1
Minimum AM/FM input ratio 1:12.5
Maximum usable frequency, either input 10 kc/sec
-14-
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